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Figure 9.1: Where we are in this book.

The idea of function approximation can be applied not only to represent state/action
values, as introduced in Chapter 8, but also to represent policies, as introduced in this
chapter. So far in this book, policies have been represented by tables: the action prob-
abilities of all states are stored in a table (e.g., Table 9.1). In this chapter, we show

that policies can be represented by parameterized functions denoted as 7(als, 0), where

6 € R™ is a parameter vector. It can also be written in other forms such as my(als),

mo(a, s), or m(a, s, 0).

When policies are represented as functions, optimal policies can be obtained by op-

timizing certain scalar metrics. Such a method is called policy gradient. The policy
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9.1.

Policy representation: From table to function

ai as as a4 as
s1 | w(a1ls1) | w(ag|s1) | w(as|s1) | w(aq|s1) | m(as|s1)
sg | m(a1lsg) | m(ag|sg) | m(as|se) | m(as|sy) | m(as|sg)

Table 9.1: A tabular representation of a policy. There are nine states and five actions for each state.

m(a1ls, )
S —
m(als, 0)
a
m(as|s, 0)

function function
(a) (b)

Figure 9.2: Function representations of policies. The functions may have different structures.

gradient method is a big step forward in this book because it is policy-based. By contrast,

all the previous chapters in this book discuss value-based methods. The advantages of the

policy gradient method are numerous. For example, it is more efficient for handling large

state/action spaces. It has stronger generalization abilities and hence is more efficient in

terms of sample usage.

9.1 Policy representation: From table to function

When the representation of a policy is switched from a table to a function, it is necessary

to clarify the difference between the two representation methods.

o

First, how to define optimal policies? When represented as a table, a policy is defined
as optimal if it can maximize every state value. When represented by a function, a

policy is defined as optimal if it can maximize certain scalar metrics.

Second, how to update a policy? When represented by a table, a policy can be updated
by directly changing the entries in the table. When represented by a parameterized
function, a policy can no longer be updated in this way. Instead, it can only be

updated by changing the parameter 6.

Third, how to retrieve the probability of an action? In the tabular case, the probability
of an action can be directly obtained by looking up the corresponding entry in the
table. In the case of function representation, we need to input (s, a) into the function
to calculate its probability (see Figure 9.2(a)). Depending on the structure of the
function, we can also input a state and then output the probabilities of all actions

(see Figure 9.2(b)).
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9.2. Metrics for defining optimal policies

The basic idea of the policy gradient method is summarized below. Suppose that J(0)
is a scalar metric. Optimal policies can be obtained by optimizing this metric via the

gradient-based algorithm:
9t+1 = et -+ @V@J(et),

where VyJ is the gradient of J with respect to 6, ¢ is the time step, and « is the
optimization rate.
With this basic idea, we will answer the following three questions in the remainder of

this chapter.

¢ What metrics should be used? (Section 9.2).
o How to calculate the gradients of the metrics? (Section 9.3)

o How to use experience samples to calculate the gradients? (Section 9.4)

9.2 Metrics for defining optimal policies

If a policy is represented by a function, there are two types of metrics for defining optimal
policies. One is based on state values and the other is based on immediate rewards.
Metric 1: Average state value

The first metric is the average state value or simply called the average value. 1t is defined

Ur = Y _d(s)ve(s),

where d(s) is the weight of state s. It satisfies d(s) > 0 for any s € S and ) _sd(s) = 1.
Therefore, we can interpret d(s) as a probability distribution of s. Then, the metric can

be written as
177r = ESNd[UW(Sﬂ.

How to select the distribution d? This is an important question. There are two cases.

¢ The first and simplest case is that d is independent of the policy 7. In this case, we
specifically denote d as dy and v, as ©° to indicate that the distribution is independent
of the policy. One case is to treat all the states equally important and select dy(s) =
1/|S|. Another case is when we are only interested in a specific state sq (e.g., the

agent always starts from sp). In this case, we can design
do(So) = 1, dQ(S # S()) =0.
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9.2. Metrics for defining optimal policies

o The second case is that d is dependent on the policy 7. In this case, it is common to

select d as d,, which is the stationary distribution under m. One basic property of d,

is that it satisfies
dip, =dZI,
where P, is the state transition probability matrix. More information about the

stationary distribution can be found in Box 8.1.

The interpretation of selecting d, is as follows. The stationary distribution reflects the
long-term behavior of a Markov decision process under a given policy. If one state is
frequently visited in the long term, it is more important and deserves a higher weight;

if a state is rarely visited, then its importance is low and deserves a lower weight.

As its name suggests, v, is a weighted average of the state values. Different values

of 0 lead to different values of v,. Our ultimate goal is to find an optimal policy (or

equivalently an optimal #) to maximize v.

We next introduce another two important equivalent expressions of v;.

o Suppose that an agent collects rewards {R;1}7°, by following a given policy m(#).

Readers may often see the following metric in the literature:

J(6) = lim E > VR | =E|D V'Rin (9.1)
t=0 t=0

This metric may be nontrivial to interpret at first glance. In fact, it is equal to v,.

To see that, we have

EZh%Hziy@EZh%m&:4
t=0 seS t=0
= d(s)va(s)
SES
= Uy.

The first equality in the above equation is due to the law of total expectation. The

second equality is by the definition of state values.

The metric v, can also be rewritten as the inner product of two vectors. In particular,
let

Ve = [, va(s),...]F € RISI,
d=1...,d(s),...]" € RIS,
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9.2. Metrics for defining optimal policies

Then, we have
U, = d v,.
This expression will be useful when we analyze its gradient.

Metric 2: Average reward

The second metric is the average one-step reward or simply called the average reward
[2,64,65]. In particular, it is defined as

Pr =Y de(s)rx(s)

seS

= ESNd,, [Tﬂ(S)], (92)

where d, is the stationary distribution and

re(s) = Zw(a|s, 0)r(s,a) = Ear(sglr(s, A)ls] (9.3)
acA

is the expectation of the immediate rewards. Here, r(s,a) = E[R]s,a] =), rp(r|s, a).

We next present another two important equivalent expressions of 7.

o Suppose that the agent collects rewards {R;.1}:°, by following a given policy m(#).
A common metric that readers may often see in the literature is

n—1
1
ﬂ@z&ﬂ%E;;RHl (9.4)

It may seem nontrivial to interpret this metric at first glance. In fact, it is equal to

T
1 n—1
lim —E Z Ri| = Zdw(s)rﬁ(s) = . (9.5)
n—oo N
t=0 seS

The proof of (9.5) is given in Box 9.1.

o The average reward 7, in (9.2) can also be written as the inner product of two vectors.

In particular, let

e =1[..,rx(s),...]" € RIS,
de=[...,ds(s),...]" € RI¥I,
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9.2. Metrics for defining optimal policies

where 7.(s) is defined in (9.3). Then, it is clear that

- Zd =d"r,.

seS

This expression will be useful when we derive its gradient.

Box 9.1: Proof of (9.5)

Step 1: We first prove that the following equation is valid for any starting state

Sop € S:
1 n—1
T}LT{}Q nE tz; Rt+1|80 = 80] .

To do that, we notice

1
lim —E

n—oo N, n—oo 1,

= lim E [Rt+1|50 = 80] y
t—o0

=1 n—1
Z Rt+1|80 == 80] = lim — ZE Rt+1|S() == 80]

(9.6)

(9.7)

where the last equality is due to the property of the Cesaro mean (also called the

Cesaro summation). In particular, if {ax};2, is a convergent sequence such that

limy_,oo g exists, then {1/n)"}_ ax}e>, is also a convergent sequence such that

0 n 0
limy, oo 1/n) 0 a = limy_ o0 ay.

We next examine E [R;;1|So = so] in (9.7) more closely. By the law of total

expectation, we have

E [R41]|S0 = so) = ZE [Re+1]S: = s, S0 = so) p(t)(3|30)

seS

= ZE [Ri41|Sy = 4] p(t)(3|30)

seS

=D_ra(s)p(slso).

seES

where p*)(s]sg) denotes the probability of transitioning from sy to s using exactly ¢

steps. The second equality in the above equation is due to the Markov memoryless

property: the reward obtained at the next time step depends only on the current

state rather than the previous ones.
Note that

hmp (|so) d(s)
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9.2. Metrics for defining optimal policies

by the definition of the stationary distribution. As a result, the starting state sq does

not matter. Then, we have

thm E[Ri11]S0 = so] = hm Z ra(s

SGS

(s]s0) =

D ra(s)d

SES

Substituting the above equation into (9.7) gives (9.6).

Step 2: Consider an arbitrary state distribution d.

we have
lim ~E ZR — [ & d(s)E
n—oo 1 t+1 n—oo N,
seS
= Z d(s) lim ]E
SES n~>oo n

By the law of total expectation,

fr1 -
E Rt+1|SO =S
L t=0 i
Fn1 -
E Rt+1|S0 =S
L ¢=0 i

Since (9.6) is valid for any starting state, substituting (9.6) into the above equation

yields

lim IE

n—oo M

ZRM => d(s)r

sES

The proof is complete.

Some remarks

Metric | Expression 1 | Expression 2 Expression 3
U Z d(s)vr(s) | Egualva(9)] 7111—>H010E|:Z,y Rt+1}
sES t=0
n—1
T Z;dﬂ(s)rﬁ(s) Eswa[r+(5)] | lim nIELZ; Rm}
se

Table 9.2: Summary of the different but equivalent expressions of v, and 7.

Up to now, we have introduced two types of metrics: v, and 7.

several different but equivalent expressions.

They are summarized in Table 9.2. We

sometimes use v, to specifically refer to the case where the state distribution is the

stationary distribution d, and use 9 to refer to the case where dy is independent of 7.

Some remarks about the metrics are given below.

o All these metrics are functions of w. Since 7 is parameterized by 6, these metrics

are functions of #. In other words, different values of 6 can generate different metric
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9.3. Gradients of the metrics

values. Therefore, we can search for the optimal values of 6 to maximize these metrics.

This is the basic idea of policy gradient methods.

¢ The two metrics v, and 7, are equivalent in the discounted case where v < 1. In

particular, it can be shown that
e = (1= 7).

The above equation indicates that these two metrics can be simultaneously maximized.

The proof of this equation is given later in Lemma 9.1.

9.3 Gradients of the metrics

Given the metrics introduced in the last section, we can use gradient-based methods to
maximize them. To do that, we need to first calculate the gradients of these metrics.

The most important theoretical result in this chapter is the following theorem.

Theorem 9.1 (Policy gradient theorem). The gradient of J() is

Vo (6) = Y n(s) . Vam(als, 0)g.(s, a), (9.8)

seS acA

where 1 is a state distribution and Vym is the gradient of m with respect to 6. Moreover,

(9.8) has a compact form expressed in terms of expectation:
Vo (0) = Es oy in(s0) [vg In7(A|S, 8)g, (S, A)] , (9.9)

where In is the natural logarithm.

Some important remarks about Theorem 9.1 are given below.

¢ It should be noted that Theorem 9.1 is a summary of the results in Theorem 9.2,
Theorem 9.3, and Theorem 9.5. These three theorems address different scenarios
involving different metrics and discounted /undiscounted cases. The gradients in these
scenarios all have similar expressions and hence are summarized in Theorem 9.1. The
specific expressions of J(#) and n are not given in Theorem 9.1 and can be found in
Theorem 9.2, Theorem 9.3, and Theorem 9.5. In particular, J(6) could be 22, v,
or 7r. The equality in (9.8) may become a strict equality or an approximation. The

distribution 7 also varies in different scenarios.

The derivation of the gradients is the most complicated part of the policy gradient
method. For many readers, it is sufficient to be familiar with the result in Theorem 9.1
without knowing the proof. The derivation details presented in the rest of this section
are mathematically intensive. Readers are suggested to study selectively based on

their interests.

198



9.3. Gradients of the metrics

o The expression in (9.9) is more favorable than (9.8) because it is expressed as an
expectation. We will show in Section 9.4 that this true gradient can be approximated

by a stochastic gradient.

Why can (9.8) be expressed as (9.9)?7 The proof is given below. By the definition of

expectation, (9.8) can be rewritten as

VoJ(0) = n(s) Y Ver(als,0)4(s,a)

seS acA
=Es., ZV@?T(CL|S, g, (S,a)| . (9.10)
acA

Furthermore, the gradient of In7(als, ) is

Vor(als,0)
1 0) = ——————=.
v@ Il7T(G|S, ) 7r(a]8,9)
It follows that
Vom(als, ) = m(als,8)Vylnr(als,0). (9.11)

Substituting (9.11) into (9.10) gives

VeJ(0) = E

Z m(alS,0)Velnm(alS,0)q. (S, a)]
acA

= Egn ann(s,0) [Ve In7(AlS,0)qx (S, A)] -

o It is notable that m(als, ) must be positive for all (s,a) to ensure that Inm(als,6) is

valid. This can be achieved by using softmaz functions:
6h(s,a,@)

h(s,a’,0)’
Za’eA e ( )

where h(s,a,0) is a function indicating the preference for selecting a at s. The policy
in (9.12) satisfies 7(als,#) € (0,1) and ), 7(als,) =1 for any s € S. This policy

can be realized by a neural network. The input of the network is s. The output layer

m(als,0) =

a€ A, (9.12)

is a softmax layer so that the network outputs m(als,f) for all a and the sum of the

outputs is equal to 1. See Figure 9.2(b) for an illustration.

Since 7(a|s,#) > 0 for all a, the policy is stochastic and hence ezploratory. The policy
does not directly tell which action to take. Instead, the action should be generated

according to the probability distribution of the policy.
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9.3. Gradients of the metrics

9.3.1 Derivation of the gradients in the discounted case

We next derive the gradients of the metrics in the discounted case where v € (0,1). The

state value and action value in the discounted case are defined as

Un(8) = E[Ri1 4+ YRio + ¥ Reys + ... |S; = ],
7= (s, a) = E[Rtﬂ +yRio + 72Rt+3 +.. ]S =54 = a}.

It holds that v.(s) = > .. 47(als,0)q:(s,a) and the state value satisfies the Bellman
equation.

First, we show that v,(f) and 7(0) are equivalent metrics.

Lemma 9.1 (Equivalence between v,(0) and 7.(0)). In the discounted case where v €
(0,1), it holds that

— (1 — ’y)’l_jw_ (913)

Proof. Note that v,(0) = dfv, and 7(0) = dlr,, where v, and r, satisfy the Bellman
equation vy = r; + v Prv,. Multiplying dX on both sides of the Bellman equation yields

Up =Tr + depwvw =r;+ 'devw =T+ 'ij

which implies (9.13). O
Second, the following lemma gives the gradient of v,(s) for any s.

Lemma 9.2 (Gradient of v,(s)). In the discounted case, it holds for any s € S that

Vovr(s Z Pr,(s|s) Z Vor(als',0)q: (s, a), (9.14)

s'eS acA

where
Pr.(s Zv [PHles = [(In —vPx) '],

is the discounted total probability of transitioning from s to s’ under policy . Here,
[lss denotes the entry in the sth row and s'th column, and [PF|.y is the probability of

transitioning from s to s using exactly k steps under .
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9.3. Gradients of the metrics

Box 9.2: Proof of Lemma 9.2

First, for any s € §, it holds that

Vovr(s) = Vg Zﬂ(a|s,0)qﬂ(s,a)
acA
= [Vor(als,0)gx(s, a) + m(als, 0)Vogx (s, a)] (9.15)
a€A

where ¢, (s,a) is the action value given by

ar(s,a) = 7(s,a) +7 Y p(s'|s, a)on(s").

s'eS

Since r(s,a) = Y, rp(r|s, a) is independent of 6, we have

Vour(s,a) = 0+7 ) p(s']s,a)Vovr(s).

s'eS

Substituting this result into (9.15) yields

Vour(s) = Z Vor(als,0)qr(s,a) + mw(als, )y Zp(s'|s, a)Vour(s')

acA s'eS
= Vor(als,0)gx(s,a) + 7> _7(als,0) > p(s'|s,a)Vove(s).  (9.16)
acA a€EA s'eS

It is notable that Vyv, appears on both sides of the above equation. One way to
calculate it is to use the unrolling technique [64]. Here, we use another way based on
the matriz-vector form, which we believe is more straightforward to understand. In

particular, let

s) = Z Ver(als,0)qx(s,a).

acA
Since
Z |S ‘9 Zp |S CL VQUW ZP vé’vﬂ' ) — Z[PTF]SS/VGUW(SI)7
acA s'eS s'eS s'eS

equation (9.16) can be written in matrix-vector form as

Voue(s) | = | u(s) | +7(Pr ® 1) | Vou(s) |,

VovreRM? ueR™M” VovreRM™
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9.3. Gradients of the metrics

which can be written concisely as
Vour = u+ Y(Pr ® I1n)Vour.

Here, n = |S|, and m is the dimension of the parameter vector §. The reason that
the Kronecker product ® emerges in the equation is that Vyuv,(s) is a vector. The

above equation is a linear equation of Vyuv,, which can be solved as

VGUW - (Inm - '7P7r X ]m)_lu
=1, @I, —YP: ®I,) 'u
= [(In —7Pr) 7' ® Iy u. (9.17)

For any state s, it follows from (9.17) that

Vour(s) = ) [(In = vP0) 7], uls)

s'eS
= Z [(In — vPx)~ ZVM als’,0)q (', a). (9.18)
s'eS acA

The quantity [(Z,, — vPx) "], has a clear probabilistic interpretation. In particular,
since (I, — YPy) ' = I+ yPy +v*P?+ - - -, we have

[(In - fYPw)_l}SS/ = [I]ss’ +7[P ]ss’ +7 [ ss’ : 2'7 Pk ss’

Note that [P¥],s is the probability of transitioning from s to s’ using exactly k
steps (see Box 8.1). Therefore, [(I,, — vPr) "', is the discounted total probability of
transitioning from s to s’ using any number of steps. By denoting [(I, — vP,) '], =
Pr.(s'|s), equation (9.18) becomes (9.14).

With the results in Lemma 9.2, we are ready to derive the gradient of 2.

Theorem 9.2 (Gradient of ¥ in the discounted case). In the discounted case where
€ (0,1), the gradient of v° = dlv, is

Voty = E[VyInm(AlS, 0)g.(S, 4)],
where S ~ p. and A ~ 7(S,0). Here, the state distribution p, is

=Y do(sPra(s]s),  s€S, (9.19)

s'eS

where Prr(s|s') = >0 V¥ [PFlys = [(I — vPr)7Y,, is the discounted total probability of
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9.3. Gradients of the metrics

transitioning from s’ to s under policy .

Box 9.3: Proof of Theorem 9.2

Since dy(s) is independent of 7, we have

V02 = Vo > do(s)vx(s) =Y do(s)Vova(s).

seS SES

Substituting the expression of Vyv,(s) given in Lemma 9.2 into the above equation

yields

Votl = do(s)Vove(s) = Y do(s) Y Pra(s'|s) > Ver(als',0)qx(s', a)

seS seS s'eS acA

- 3 (St S e .0
s'eS \seS acA

= Z p(s") Z Vor(als',0)q: (s, a)
s'eS acA

=" 0u(5) 3" Von(als,0)ge(5,0)  (change ' to 5)
s€S acA

= Z pr(s) Z m(als,0)Velnn(als,0)g:(s,a)
seS acA

=E[VyIn7(A]S,0)g(S, A)],

where S ~ p, and A ~ 7(S,0). The proof is complete.

With Lemma 9.1 and Lemma 9.2, we can derive the gradients of 7, and v,.

Theorem 9.3 (Gradients of 7, and v, in the discounted case). In the discounted case

where v € (0,1), the gradients of 7 and v, are

Vorr = (1 —7v)Vov, = Zdﬂ(s) Z Vor(als,0)q,(s,a)
seS acA

=E[VyIn7(A|S,0)q:(S, A)],

where S ~ dr and A ~ w(S,0). Here, the approzimation is more accurate when 7 is
closer to 1.
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9.3. Gradients of the metrics

Box 9.4: Proof of Theorem 9.3

It follows from the definition of ¥, that

Vols = Vo ) _ dr(s)0n(s)

seS

= Vodr(s)va(s) + Y dn(s)Voua(s (9.20)

SES seS

This equation contains two terms. On the one hand, substituting the expression of

Vv, given in (9.17) into the second term gives

> " da(5)Vov(s) = (dX ® I,,)Vgvr

seS

= (dX @ L) [(In — vPr) ™' ® L) w

= [dX (I, — vPr) '] ® Lnu. (9.21)
It is noted that
(I, — 4P = T
1—y ™

which can be easily verified by multiplying (1, — vP;) on both sides of the equation.
Therefore, (9.21) becomes

1
Z dr(8)Vovr(s) = —dz ® I,u
-~
seS
1
= T d )ZVQW(CL’S,Q)(]W(S,(Z)-
v SES acA

On the other hand, the first term of (9.20) involves Vyd,. However, since the second
term contains ﬁ,
negligible when v — 1. Therefore,

the second term becomes dominant, and the first term becomes

Vo & 1o 3 de(s) S Vom(als, 0)gr(s, ).

seS acA

Furthermore, it follows from 7, = (1 — 7)o, that

Vorr = (1—7)Voix = Y _de(s) Y Von(als,0)gx(s, a)

seS acA
= Zd Z (als,0)Volnn(als,0)q:(s,a)
seS acA

=E[Volnn(A|S,0)q,(S, A)].
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9.3. Gradients of the metrics

The approximation in the above equation requires that the first term does not go to

infinity when v — 1. More information can be found in [66, Section 4].

9.3.2 Derivation of the gradients in the undiscounted case

We next show how to calculate the gradients of the metrics in the undiscounted case
where v = 1. Readers may wonder why we suddenly start considering the undiscounted
case while we have only considered the discounted case so far in this book. In fact, the
definition of the average reward 7, is valid for both discounted and undiscounted cases.
While the gradient of 7, in the discounted case is an approximation, we will see that its

gradient in the undiscounted case is more elegant.

State values and the Poisson equation

In the undiscounted case, it is necessary to redefine state and action values. Since the
undiscounted sum of the rewards, E[R;y1 + Ry + Rivs + ... |S; = s], may diverge, the

state and action values are defined in a special way [64]:

Ux(8) = E[(Ri1 — Tx) + (Riyo — 7)) + (Riys — 7)) + ... [Sh = 3],
qﬂ(S, a) = E[(Rt+1 — fﬂ-) + (Rt+2 — fﬂ-) + (Rt+3 — 7777) —+ ... ’St = S,At = Cl],

where 7 is the average reward, which is determined when 7 is given. There are different
names for v,(s) in the literature such as the differential reward [65] or bias [2, Sec-
tion 8.2.1]. It can be verified that the state value defined above satisfies the following

Bellman-like equation:
v (8) = Z 7(als, 6) Zp(r|s, a)(r —7.) + Zp(s’|s, a)vg(s)] . (9.22)

Since vr(s) = > ,ca7(als,0)q-(s,a), it holds that g(s,a) = > p(r|s,a)(r — 7x) +
Yoo D(8'|s,a)vr(s"). The matrix-vector form of (9.22) is

U =Tr — 777r]-n + PTI'UTH (923)

where 1,, = [1,...,1]T € R". Equation (9.23) is similar to the Bellman equation and it
has a specific name called the Poisson equation [65,67].
How to solve v, from the Poisson equation? The answer is given in the following

theorem.
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Theorem 9.4 (Solution of the Poisson equation). Let

vf = (I, — Pr + 1,d%) "y (9.24)

e

Then, v* is a solution of the Poisson equation in (9.23). Moreover, any solution of the

Poisson equation has the following form.:
Ur = Vs + 1y,

where ¢ € R.

This theorem indicates that the solution of the Poisson equation may not be unique.

Box 9.5: Proof of Theorem 9.4

We prove using three steps.

o Step 1: Show that v in (9.24) is a solution of the Poisson equation.

For the sake of simplicity, let

A=1,— P, +1,d~.

Then, v} = A~ 'r,. The fact that A is invertible will be proven in Step 3. Substi-
= A1

tuting v’ rr into (9.23) gives
Ay =, — 1,1er7T + P, A,

This equation is valid as proven below. Recognizing this equation gives (—A~! +
I, — 1,dr + P,A7Y)r, = 0, and consequently,

(I, +A—1,d5A+ P,)A 'r, = 0.

The term in the brackets in the above equation is zero because —1I,, + A —1,,dL A+
P.=—1I,+ (I, — P, + 1,dY) — 1,,dX(I,, — P, + 1,dY) + P, = 0. Therefore, v* in
(9.24) is a solution.

o Step 2: General expression of the solutions.

Substituting 7, = d-r, into (9.23) gives
Up = Ty — lnal?rr7r + P.v, (9.25)
and consequently

(In — Po)vge = (I, — 1,d%)rs. (9.26)
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9.3. Gradients of the metrics

It is noted that I, — Py is singular because (I,, — P;)1,, = 0 for any 7. Therefore,
the solution of (9.26) is not unique: if v} is a solution, then v} +x is also a solution
for any x € Null(Z,, — P;). When Py is irreducible, Null({,, — P;) = span{1,}.
Then, any solution of the Poisson equation has the expression v} + cl, where
c € R.

o Step 3: Show that A = I, — P, + 1,d% is invertible.
Since v¥ involves A™1, it is necessary to show that A is invertible. The analysis is

summarized in the following lemma.

Lemma 9.3. The matriz I,, — P, + lndz 1s invertible and its inverse is

(I — (Pr = 1,dD)] 7 = Y (PF — 1,d%) + 1.

k=1

Proof. First of all, we state some preliminary facts without proof. Let p(M)
be the spectral radius of a matrix M. Then, I — M is invertible if p(M) < 1.
Moreover, p(M) < 1 if and only if limy_,o, M* = 0.

Based on the above facts, we next show that limg_,.(P; — 1,d%)* — 0, and then
the invertibility of I,, — (P; — 1,d%) immediately follows. To do that, we notice
that

(P — 1,d5)* = PF —1,d%L, k>1, (9.27)

which can be proven by induction. For instance, when k& = 1, the equation is
valid. When k& = 2, we have

(Pr — 1ndZ)2 = (Pr — 1nd£)(P7T - 1nd£)
= P? - P.1,dl — 1,dL P, + 1,d1,d~
= P? - 1,d%,

where the last equality is due to P,;1,, = 1, dzp7r = dz, and dzln = 1. The case

of k£ > 3 can be proven similarly.

Since d is the stationary distribution of the state, it holds that limy_, . Pff = 1,d"
(see Box 8.1). Therefore, (9.27) implies that

lim (P — 1,d%)* = lim P* —1,d% =0.

k—o0 k—o0

Asaresult, p(P,—1,dL) < 1 and hence I,,—(P,—1,d%) is invertible. Furthermore,
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9.3. Gradients of the metrics

the inverse of this matrix is given by

([n - (Pﬂ - 1nd£))71 = (Pfr - 1nd£)k

WK

i

0

M8

=I,+ Y (P —1,d0)"
k=1
k=1
= (PF—1,d}) +1,d}.
k=0
The proof is complete. O

The proof of Lemma 9.3 is inspired by [66]. However, the result (I, — P, +
1,d0)~t = Y77 (PF — 1,dL) given in [66] (the statement above equation (16)
n [66]) is inaccurate because Y o (P¥ — 1,dL) is singular since Y - (PF —

1,d%)1, = 0. Lemma 9.3 corrects this inaccuracy.

Derivation of gradients

Although the value of v, is not unique in the undiscounted case, as shown in Theorem 9.4,

the value of 7, is unique. In particular, it follows from the Poisson equation that

Trly =75 + (Pr — L) s
=r.+ (Pr— In)(vy +cl,)
=71y + (P — I,)vL.
Notably, the undetermined value c¢ is canceled and hence 7, is unique. Therefore, we
can calculate the gradient of 7, in the undiscounted case. In addition, since v, is not
unique, v, is not unique either. We do not study the gradient of v, in the undiscounted
case. For interested readers, it is worth mentioning that we can add more constraints to
uniquely solve v, from the Poisson equation. For example, by assuming that a recurrent
state exists, the state value of this recurrent state can be determined [65, Section II], and
hence ¢ can be determined. There are also other ways to uniquely determine v,. See, for
example, equations (8.6.5)-(8.6.7) in [2].

The gradient of 7, in the undiscounted case is given below.

Theorem 9.5 (Gradient of 7, in the undiscounted case). In the undiscounted case, the
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9.3. Gradients of the metrics

gradient of the average reward 7, s

Vory = Z dr(s) Z Vor(als,0)q,(s,a)

SES acA

= E[V,In7(AlS, 0)g:(S, A)], (9.28)

where S ~ d. and A ~ m(S,0).

Compared to the discounted case shown in Theorem 9.3, the gradient of 7, in the
undiscounted case is more elegant in the sense that (9.28) is strictly valid and S obeys

the stationary distribution.

Box 9.6: Proof of Theorem 9.5

First of all, it follows from v,(s) = >, 4 7(als,8)q(s,a) that

Voux(s) = Vo | Y w(als,0)qx(s,a)
acA
= [Vor(als,0)gx(s, a) + m(als, 0)Vogx (s, a)] (9.29)
ac€A

where ¢.(s,a) is the action value satisfying
qx(s,a) = Zp(r|s, a)(r —7r) + Zp(s’\s, a)vg(s')
=r(s,a) — 7y + Zp(s’|s, a)vg(s).

Since r(s,a) = Y rp(r|s, a) is independent of 6, we have

Voax(s,a) =0 — Vorr + > _ p(s'|s, a) Vova(s').

s'eS

Substituting this result into (9.29) yields

Vovz(s) = Z Vor(als, 0)q(s,a) + m(als,0) (—V(;fﬂ + Zp(3'|s, a)VwAs'))]

acA s'eS
= Z Vor(als, 0)q.(s,a) — Very + Z m(als, 0) Z:p(s’|57 a)Vour(s').
acA acA s'eS
(9.30)

Let
u(s) = Z Vom(als, 0)q(s,a).

acA
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9.4. Monte Carlo policy gradient (REINFORCE)

Since ) cam(als,0) > csp(s'[s,a)Vovr(s) = > . csp(s'|5)Vevn(s'), equation
(9.30) can be written in matrix-vector form as

Voue(s) | = | u(s) | =1, @ Voin + (Pr ® Iny) | Vour(s) |,

V(.)’Uﬂ— cRmn ueRmMmn V(.)’Uﬂ— cRmn

where n = |S|, m is the dimension of #, and ® is the Kronecker product. The above

equation can be written concisely as

Vovr =u—1, ® Vo + (Pr ® I,,,)Vour,
and hence

1, ® Vyir = u+ (Pr ® I,) Vour — Vgu,.
Multiplying dX ® I,,, on both sides of the above equation gives

(dE1,) ® Vofr = dt @ Iyu + (dEP,) ® I, Vv, — dt ® I, Vevy
= df ® Lyu,

which implies

Ve = dX @ Iyu
= Z dr(s)u(s)

seS
= Z dTl'<S) Z VGﬂ-(a’Sa 6>Q7r(87 (l)-
SES acA

9.4 Monte Carlo policy gradient (REINFORCE)

With the gradient presented in Theorem 9.1, we next show how to use the gradient-based
method to optimize the metrics to obtain optimal policies.

The gradient-ascent algorithm for maximizing J(6) is

6t+1 = et + OéVgJ(Qt)
— 0, + aB|VyIn7(A|S, 6:) (S, A)], (9.31)

where o > 0 is a constant learning rate. Since the true gradient in (9.31) is unknown, we
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9.4. Monte Carlo policy gradient (REINFORCE)

can replace the true gradient with a stochastic gradient to obtain the following algorithm:
0t+1 = 015 + O[VQ 1Il W(at|8t, Qt)qt(st, at>, (932)

where q;(s, a;) is an approximation of g, (s, a;). If g:(s¢, ar) is obtained by Monte Carlo
estimation, the algorithm is called REINFORCE [68] or Monte Carlo policy gradient,
which is one of earliest and simplest policy gradient algorithms.

The algorithm in (9.32) is important since many other policy gradient algorithms can

be obtained by extending it. We next examine the interpretation of (9.32) more closely.
Vor(at|st,0t)

Since Vg lnm(as|ss, 0;) = P

, we can rewrite (9.32) as

S¢, @
Op1 =0+« (M> Vor(ae|st, 0r),

m(ay|ss, 6;)
Bt
which can be further written concisely as
9t+1 = et + OéﬁtVQTF(CLtLS’t, et) (933)

Two important interpretations can be seen from this equation.

o First, since (9.33) is a simple gradient-ascent algorithm, the following observations

can be obtained.
- If B, > 0, the probability of choosing (s, a;) is enhanced. That is
W(at|3t,9t+1) > 7r(Olt|3t,9t)-

The greater S, is, the stronger the enhancement is.

- If B, <0, the probability of choosing (s, a;) decreases. That is
T(ae|se, Opy1) < m(ar|se, 0r).

The above observations can be proven as follows. When 6,,, — 6, is sufficiently small,

it follows from the Taylor expansion that

W(at|8t, Qt—l-l) ~ W(at|8t, et) + (VQ'TF((lt’St, gt))T<9t+1 — Qt)
m(ag|se, 0;) + aBy(Vom(as|ss, 0:)) (Vor(a|s:, 6;))  (substituting (9.33))
m(ag]st, 0r) + aBi|| Vor(ayse, 0)]]3.

It is clear that m(a|s;, 0pe1) > m(aglse, 0;) when B, > 0 and 7(ay|ss, Op1) < m(ag|s, 0;)
when 3; < 0.

¢ Second, the algorithm can strike a balance between exploration and exploitation to a

211



9.4. Monte Carlo policy gradient (REINFORCE)

Algorithm 9.1: Policy Gradient by Monte Carlo (REINFORCE)

Initialization: Initial parameter 6; v € (0,1); o > 0.
Goal: Learn an optimal policy for maximizing J(0).

For each episode, do
Generate an episode {sg, ag,r1,...,Sr_1,ar_1, 77} following 7(0).
Fort=0,1,...,7T —1:
Value update: q;(s;,a;) = Zfitﬂ ALY
Policy update: 0 <— 0 + aVgInr(a|ss, 0)q(se, ar)

certain extent due to the expression of

qr(5¢, ay)
7T(at|5t, Qt) ’

B =

On the one hand, f; is proportional to q;(s;,a;). As a result, if the action value of
(s¢,a¢) is large, then m(ay|s;,0;) is enhanced so that the probability of selecting a;
increases. Therefore, the algorithm attempts to exploit actions with greater values.
One the other hand, §; is inversely proportional to m(a|s;, 6;) when ¢, (s, a;) > 0. As
a result, if the probability of selecting a, is small, then m(a;|s;, 6;) is enhanced so that
the probability of selecting a; increases. Therefore, the algorithm attempts to explore

actions with low probabilities.

Moreover, since (9.32) uses samples to approximate the true gradient in (9.31), it is

important to understand how the samples should be obtained.

<

How to sample S7 S in the true gradient E[VyIn7(A|S,0;)q,(S, A)] should obey the
distribution 7 which is either the stationary distribution d, or the discounted total
probability distribution p, in (9.19). Either d, or p, represents the long-term behavior

exhibited under 7.

How to sample A7 A in E[V,Inn(A|S,0;)¢:(S, A)] should obey the distribution of
m(A|S,0). The ideal way to sample A is to select a; following 7(a|s;, 0;). Therefore,
the policy gradient algorithm is on-policy.

Unfortunately, the ideal ways for sampling S and A are not strictly followed in practice

due to their low efficiency of sample usage. A more sample-efficient implementation of

(9.32) is given in Algorithm 9.1. In this implementation, an episode is first generated by

following 7(#). Then, € is updated multiple times using every experience sample in the

episode.
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9.5 Summary

This chapter introduced the policy gradient method, which is the foundation of many
modern reinforcement learning algorithms. Policy gradient methods are policy-based. It
is a big step forward in this book because all the methods in the previous chapters are
value-based. The basic idea of the policy gradient method is simple. That is to select an
appropriate scalar metric and then optimize it via a gradient-ascent algorithm.

The most complicated part of the policy gradient method is the derivation of the
gradients of the metrics. That is because we have to distinguish various scenarios with
different metrics and discounted /undiscounted cases. Fortunately, the expressions of the
gradients in different scenarios are similar. Hence, we summarized the expressions in
Theorem 9.1, which is the most important theoretical result in this chapter. For many
readers, it is sufficient to be aware of this theorem. Its proof is nontrivial, and it is not
required for all readers to study.

The policy gradient algorithm in (9.32) must be properly understood since it is the
foundation of many advanced policy gradient algorithms. In the next chapter, this algo-

rithm will be extended to another important policy gradient method called actor-critic.

9.6 Q&A

o Q: What is the basic idea of the policy gradient method?

A: The basic idea is simple. That is to define an appropriate scalar metric, derive
its gradient, and then use gradient-ascent methods to optimize the metric. The most
important theoretical result regarding this method is the policy gradient given in
Theorem 9.1.

¢ Q: What is the most complicated part of the policy gradient method?

A: The basic idea of the policy gradient method is simple. However, the derivation
procedure of the gradients is quite complicated. That is because we have to distin-
guish numerous different scenarios. The mathematical derivation procedure in each
scenario is nontrivial. It is sufficient for many readers to be familiar with the result

in Theorem 9.1 without knowing the proof.

o Q: What metrics should be used in the policy gradient method?

0

o, and 7. Since they

A: We introduced three common metrics in this chapter: v,, v
all lead to similar policy gradients, they all can be adopted in the policy gradient
method. More importantly, the expressions in (9.1) and (9.4) are often encountered

in the literature.

<

Q: Why is a natural logarithm function contained in the policy gradient?
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A: A natural logarithm function is introduced to express the gradient as an expected

value. In this way, we can approximate the true gradient with a stochastic one.
o Q: Why do we need to study undiscounted cases when deriving the policy gradient?

A: The definition of the average reward 7, is valid for both discounted and undis-
counted cases. While the gradient of 7, in the discounted case is an approximation,

its gradient in the undiscounted case is more elegant.
o Q: What does the policy gradient algorithm in (9.32) do mathematically?

A: To better understand this algorithm, readers are recommended to examine its
concise expression in (9.33), which clearly shows that it is a gradient-ascent algorithm
for updating the value of m(a;|s¢, 0;). That is, when a sample (s;, a;) is available, the
policy can be updated so that m(a¢|ss, Or11) > m(ae|st, 0;) or w(ag|ss, Orp1) < w(ag|se, 6;)

depending on the coefficients.
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